We study the Yang-Mills flow on a holomorphic vector bundle E over a compact Kähler manifold X. Along a solution of the flow, we show that the curvature endomorphism iΛF (A t ) approaches in L 2 an endomorphism with constant eigenvalues given by the slopes of the quotients from the Harder-Narasimhan filtration of E. This proves a sharp lower bound for the Hermitian-Yang-Mills functional and thus the Yang-Mills functional, generalizing to arbitrary dimension a formula of Atiyah and Bott first proven on Riemann surfaces. Furthermore, we show any reflexive extension to all of X of the limiting bundle E ∞ is isomorphic to Gr hns (E) * * , verifying a conjecture of Bando and Siu.
E, let A t be a smooth solution of the Yang-Mills flow starting with this initial connection. Then for all > 0, there exists a time t 0 such that for t > t 0 , we have
The existence of such a connection for each > 0 is called an L 2 approximate Hermitian structure on E (see Definition 2 below). As an immediate consequence we get a sharp lower bound for the Hermitian-Yang-Mills functional iΛF (·) 2 L 2 , and since this functional is related to the Yang-Mills functional by a topological constant, we get a sharp lower bound for the Yang-Mills functional as well. In fact we are able to generalize a formula of Atiyah and Bott from [1] . Let F be a slope decreasing filtration of E, and let Q i be the quotients of this filtration. Then we define:
Normalize ω to have volume one, and let A be an integrable connection. We have the following result: THEOREM 2. For all holomorphic vector bundles E over X the following formula holds:
We note that the supremum on the right is attained by the Harder-Narasimhan filtration of E. This formula is the higher dimensional generalization of a formula first proven on Riemann surfaces by Atiyah and Bott in [1] . We also direct the reader to the paper of Donaldson [9] , in which he states the Atiyah-Bott formula and proves a generalization relating the Calabi functional to test configurations.
We now explain our main result, which is an identification of the limit of the Yang-Mills flow. First, given a sequence of connections A j along the Yang-Mills flow, we define the analytic bubbling set:
for some constant ε > 0. This set is the same singular set used by Hong and Tian in [12] . Our complete result is as follows: THEOREM 3. Let E be a holomorphic vector bundle over a compact Kähler manifold X. Let A t be a connection on E evolving along the Yang-Mills flow. Then there exists a subsequence of times t j such that on X\Z an , the sequence A t j converges (modulo gauge transformations) in C ∞ to a limiting connection A ∞ on a limiting bundle E ∞ . E ∞ extends to all of X as a reflexive sheafÊ ∞ which is isomorphic to the double dual of the stable quotients of the graded Harder-Narasimhan-Seshadri filtration, denoted Gr hns (E) * * , of E.
In [12] , Hong and Tian prove that away from Z an , a subsequence along the Yang-Mills flow A j converges smoothly to a limiting Yang-Mills connection on a limiting bundle E ∞ . They also prove that Z an is a holomorphic subvariety of X, although we do not utilize this result. By the work of Bando and Siu [3] , we know E ∞ extends to all of X as a reflexive sheafÊ ∞ . In this paper we construct an explicit isomorphism betweenÊ ∞ and Gr hns (E) * * , verifying a conjecture of Bando and Siu from [3] .
Here we remark that the results of this paper are not a full generalization of the work of Daskalopoulos and Wentworth. In [5] , the authors prove that the bubbling set Z an is in fact equal to the singular set of Gr hns (E), in other words they show the Yang-Mills flow bubbles precisely where the sheaf Gr hns (E) fails to be locally free. Although the results of this paper imply that the singular set of Gr hns (E) is contained in the analytic singular set Z an , the other inclusion does not follow. Sibley and Wentworth are able to accomplish the other inclusion in [20] , using mostly algebraic methods.
We now briefly describe the proofs of our main results. Our first step is to construct an L 2 approximate Hermitian structure on E, using a similar method to that of [14] . We begin by defining a new relative functional on the space of Hermitian metrics, denoted P (H 0 ,H), which is closely related to Donaldson's functional (see [7, 21, 23] ). For a fixed metric H 0 , the P -functional is designed so that if H t is a smooth path of metrics, then the derivative of the P -functional along this path is given by:
We then show that along a solution of the Donaldson heat flow, the following inequality holds:
If P (H 0 ,H t ) is bounded from below, then iΛF − Ψ 2 L 2 is integrable in time from zero to infinity. This shows iΛF − Ψ 2 L 2 goes to zero along a subsequence, which along with a simple differential inequality proves an L 2 approximate Hermitian structure is realized along the Donaldson heat flow. The lower bound the Pfunctional is the difficult step, and is proven in a similar fashion to the lower bound of the Donaldson functional for semi-stable bundles [14] . The key difficulty lies in adapting the blowup procedure from [14] to regularize the quotients of the Harder-Narasimhan filtration. We show the value of the functional is preserved during this regularization, and take advantage of the fact that on the regularized filtration the P -functional decomposes into positive terms plus the sum of the Donaldson functionals on the quotients of the filtration. We know the Donaldson functional is bounded below on the semi-stable quotients, and thus the P -functional is bounded below.
Once we have established the existence of an L 2 approximate Hermitian structure along the Donaldson heat flow, we show such a structure is also realized along the Yang-Mills flow, proving Theorem 1. Theorem 2 follows. The proof of Theorem 3 requires explicit construction of an isomorphism betweenÊ ∞ and Gr hns (E) * * , which is quite similar to the construction of an isomorphism from [13] in the case of semi-stable bundles. In our general case, we use Theorem 1, in combination with a modification of the Chern-Weil formula, to produce the necessary estimates needed for the second fundamental forms associated to the Harder-Narasimhan filtration go to zero in L 2 . This proves that in the limit we get a holomorphic splitting of E ∞ into a direct sum of semi-stable quotients. Now, utilizing an idea which goes back to Donaldson in [7] (and is used by Daskalopoulos and Wentworth in [4] ), we can show the holomorphic inclusion maps of the subsheaves from the filtration into E converge to limiting holomorphic maps. Following a stability argument from [15] these limiting maps can be shown to be isomorphisms. Fortunately for us much of the hard analysis for this step was carried out by the author in [13] , and we refer the reader to this reference for all relevant details.
The outline of the paper is as follows. In Section 2 we provide preliminary results on holomorphic vector bundles and torsion-free sheaves. We also introduce the Yang-Mills flow, providing important framework for later sections. We introduce the P -functional in Section 3, and prove it is bounded from below using the regularization of the Harder-Narasimhan filtration. In Section 4 we prove the existence of an L 2 approximate Hermitian structure on E, proving Theorem 1 and Theorem 2. In Section 5 we construct an isomorphism between Gr hns (E) * * and E ∞ , proving Theorem 3.
Preliminaries.

Vector bundles and natural filtrations.
In this section we introduce our notation and some basic facts about holomorphic vector bundles. Let X be a compact Kähler manifold of complex dimension n. Locally the Kähler form is given by:
where gk j is a Hermitian metric on the holomorphic tangent bundle T 1,0 X. Let Λ denote the adjoint of wedging with ω. If η is a (1, 1) form, then in coordinates Λη = −ig jk ηk j . The volume form on X is given by ω n , and throughout this paper we normalize ω so that X ω n = 1. Let E be a holomorphic vector bundle over X. Given a metric H on E, there exists a natural connection called the Chern connection which preserves H and defines the holomorphic structure on E. Given a section φ of E, this connection can be written down explicitly in a holomorphic frame:
Furthermore, we continue to use ∇ to denote the Chern connection on all associated bundles of E, as the bundles we are working with will generally be clear from context. The curvature of ∇ on E is the following endomorphism-valued 2-form:
where Fk j α γ = −∂k(H αβ ∂ j Hβ γ ). Note that iΛF is a Hermitian endomorphism of the bundle E, which we denote byF for notational simplicity. We can now compute the degree of E, which we define as follows:
We note this definition differs from the usual definition of degree by a factor of 2π, which we omit to make certain formulas simpler later on. Because X is Kähler this definition is independent of the choice of metric H on E. The slope of the vector bundle E is defined to be the following quotient:
Given a torsion-free subsheaf F ⊂ E, we can view F as a holomorphic subbundle off the singular set Z(F) where F fails to be locally free. We know from [15] that Z(F) is a holomorphic subvariety of X of codimension at least two. Then on X\Z(F) we have a metric on the bundle F induced from the metric H on E, and the curvature of this metric is at least in L 1 [14] . Thus the degree and slope of the subsheaf F can be defined in the same way as E, by just computing away from the singular set Z(F).
We say E is stable if μ(F) < μ(E) for all proper subsheaves F ⊂ E with torsion free quotient. E is semi-stable if μ(F) ≤ μ(E) for all such F. Since throughout this paper we have no stability assumptions on E, we will need the following proposition, a proof of which can be found in [15] . PROPOSITION 1. Any torsion-free sheaf E carries a unique filtration of subsheaves:
called Harder-Narasimhan filtration of E, such that the quotients of this filtration Q i = S i /S i−1 are torsion-free and semi-stable. The quotients are slope decreasing μ(Q i ) > μ(Q i+1 ), and the associated graded object Gr hn (E) := i Q i is uniquely determined by the isomorphism class of E.
Let f i denote the holomorphic inclusion of the sheaf S i into E. Also, let π i denote the orthogonal projection of E onto S i with respect to H. We note this projection is defined where S i is locally free.
We also need an analogous filtration for semi-stable sheaves. For a torsion-free sheaf Q which is semi-stable but not stable, we can always assume there is at least one proper subsheaf F of Q such that μ(F) = μ(Q). In general there may be many such subsheaves. Definition 1. Given a semi-stable sheaf Q, a Seshadri filtration is a filtration of torsion free subsheaves
While such a filtration may not be unique, we do have the following proposition, once again from [15] . PROPOSITION 2. Given a Seshadri filtration of a torsion free sheaf Q, the direct sum of the stable quotients, denoted Gr s (Q) := iQ i , is canonical and uniquely determined by the isomorphism class of Q.
Given our initial holomorphic vector bundle E, let Q k denote the k-th quotient of the Harder-Narasimhan filtration. Then Gr s (Q k ) can be denoted by iQ i k . Putting these two propositions together, there exists a double filtration of E such that the corresponding graded object:
is canonical and depends only on the isomorphism class of E. We now define the algebraic singular set of E as
Since the sheaf Gr hns (E) is torsion-free, we know Z alg is of complex codimension at least two. Finally, let r be the rank of E. We construct an r-tuple of real numbers:
where the multiplicity of each number μ(Q i ) is given by rk(Q i ). We call this rtuple the Harder-Narasimhan type of E. Now, recall from (1.1) the endomorphism Ψ H , whose eigenvalues are defined to be the Harder-Narasimhan type of E. We note the dependence on the metric H comes from metric dependence on the orthogonal projections π i : E → S i .
Definition 2. We say E carries an L p approximate Hermitian structure if for all > 0, there exists a metric H on E such that:
Decomposition onto subsheaves.
In this subsection we address how the curvature behaves on subsheaves of E. Let S ⊂ E be a proper, torsion-free subsheaf, which we include in the following short exact sequence:
where we assume that the quotient sheaf Q is torsion free. Define the singular set of Q by Z(Q) := {x ∈ X | Q x is not free}. Then on X\Z(Q), we can view (2.4) as a short exact sequence of holomorphic vector bundles. Here, a smooth metric H on E induces a metric J on S and a metric K on Q. For sections ψ, φ of S, we define the metric J as follows:
In order to define the smooth metric K on Q, we note that the choice of H on E defines a splitting of (2.4):
For sections v, w of Q, we define the metric K as follows:
Definition 3. On X\Z(Q) both S and Q are holomorphic vector bundles. We define an induced metric on either S or Q to be one constructed as above.
We emphasize that induced metrics are not defined on all of X, and they may degenerate or blow up as we approach the singular set, causing curvature terms to blow up.
Once we have sequence (2.5), the second fundamental form γ ∈ Γ(X, Λ 0,1 ⊗ Hom(Q, S)) is given by:
Although the second fundamental form is not defined on all of X, in [14] it is shown that γ is at least in L 2 (X). We now derive a formula for the second fundamental form in terms of π. As (2.5) shows, π is the orthogonal projection from E onto S. First, note that in fact∂ • p † already lies in S, since for any q ∈ Γ(X\Z(Q),Q), p is holomorphic and p
Thus γ 2 L 2 = ∂ π 2 L 2 , and π ∈ L 2 1 . Conversely, as proven by Uhlenbeck and Yau in [25] , any weakly holomorphic L 2 1 (X) projection defines a coherent subsheaf of E (see Popovici [18] for a simplified proof of this result). Thus later on in the paper we will go back and forth between working with a subsheaf S and the L 2 1 (X) projection π that defines the subsheaf. We now turn to the decomposition of connections and curvature onto subbundles and quotient bundles, which is described in detail in [11] . Because of their prominence throughout the paper, we review some of these decomposition formulas here. We continue to work on X\Z(Q). Let ∇ S and ∇ Q be the Chern connections on S and Q with respect to the metrics J and K. In a local coordinate patch, any section Φ of E decomposes onto the bundles S and Q, denoted Φ = φ + q. We now have the following decomposition of ∇:
Now, denote the curvature of the induced metric J by F S and the curvature of the induced metric K by F Q . The full curvature tensor F decomposes as follows:
The Yang-Mills flow.
In this section we describe our approach to the Yang-Mills flow. We follow the viewpoint taken by Donaldson in [7] , which relates the flow of a metric in a fixed holomorphic structure to the evolution of an integrable unitary connection. This relationship is clearly explained in [7] , and we direct the reader there for details. Here we simply present the setup and include the important facts needed for the arguments to follow.
Fix a metric H 0 on E. Let d A be a unitary connection with local connection matrix A. Since X is complex, d A will decompose into (1, 0) and (0, 1) parts, which we denote by ∂ A = ∂ + A and∂ A =∂ + A . We say d A is integrable if∂ 2 A = 0 (thus d A defines a holomorphic structure by the Newlander-Nirenberg integrability theorem), and we denote the space of integrable unitary connections by A 1,1 . The curvature 2-form of such a connection only has a (1, 1) component, and is denoted by F A . The Yang-Mills functional Y M : A 1,1 → R can now be expressed:
Now, on a general compact manifold, the Yang-Mills flow is the gradient flow of this functional, given by:
However, because we are on a Kähler manifold, Bianchi's second identity (d A F A = 0) and the Kähler identities allow us to express the Yang-Mills flow in a simpler form:Ȧ
From this formulation one can check that the Yang-Mills flow stays inside A 1,1 if we start with an integrable connection.
Donaldson defines a flow of metrics with respect to a fixed holomorphic struc-ture∂ A 0 in order to further study the Yang-Mills flow. Given H 0 , any other metric H defines a positive definite Hermitian endomorphism h by the formula h = H −1 0 H. The Donaldson heat flow is a flow of endomorphisms h = h(t) given by:
where F is the curvature of the Chern connection of the metric H(t) = H 0 h(t) and the holomorphic structure∂ A 0 . Here the Einstein constant is simply given by μ(E) since we normalized X to have volume one. Setting the initial condition h(0) = I, a unique smooth solution of the flow exists for all t ∈ [0, ∞), and on any stable bundle this solution will converge to a smooth Hermitian-Einstein metric [7, 8, 21, 23] .
In our case the bundle E is not stable, so we do not expect the flow to converge. However, we can use a solution to (2.9) to construct a solution to the Yang-Mills flow. Let d A 0 be an initial connection in A 1,1 . We consider the flow of holomorphic structures∂ t =∂ + A t , where A t is defined by the action of w = h 1/2 on A 0 . Explicitly, this action is given by:
Define a flow of connections d A t by imposing the unitary condition with respect to H 0 on the above flow of holomorphic structures. This flow is gauge equivalent to a solution of the Yang-Mills flow. Conversely, any path in A 1,1 along the Yang-Mills flow defines an orbit of the complexified gauge group, which gives rise to a solution of the Donaldson heat flow (see [7] for details). As a result we can go back and forth between the two flows. Note that given this setup, the curvature F along the Donaldson heat flow is related to the curvature F A along the Yang-Mills flow by the following relation:
We conclude this section by stating the convergence result of Hong and Tian from [12] . Consider a sequence of connections A j evolving along the Yang-Mills flow. Then, on X\Z an , along a subsequence the connections A j converge in C ∞ , modulo unitary gauge transformations, to a Yang-Mills connection A ∞ . Thus, always working on X\Z an , we have a sequence of holomorphic structures (E,∂ j ) which converge in C ∞ to a holomorphic structure (E,∂ ∞ ). By the work of Bando and Siu, the bundle (E,∂ ∞ ) extends to all of X as a reflexive sheafÊ ∞ . Once again the main goal of this paper is to identifyÊ ∞ with Gr hns (E) * * , proving this limit is canonical and independent of subsequence.
3. The P -functional. We now begin the proof of Theorem 1, starting with the construction of an L 2 approximate Hermitian structure on E. First we introduce the P -functional and describe some basic properties.
Fix an initial metric H 0 on E. Then for any other metric H we can define the endomorphism h = H −1 0 H. Consider any path h t , t ∈ [0, 1], of positive definite Hermitian endomorphisms such that h 0 = I and h 1 = h. The P -functional is defined by:
where F t is the curvature of the metric H t = H 0 h t . The above integral is well defined, for even though the projections π i that make up Ψ t are only defined on X\Z alg , we know that they are at least in L 2 1 [14] . Recall from Section 2.1 that f i denotes the holomorphic inclusion of S i into E. Although we generally view the projection π i as an endomorphism of E, its image is isomorphic to S i via the holomorphic inclusion f i , and on occasion we implicitly make use of this fact. We now check the P -functional is independent of path. PROPOSITION 3. The P -functional is path independent for any pair of metrics H 0 ,H on E.
Proof. We note that the first term
appears in the Donaldson functional and is shown to be path independent in Chapter 1, Section 5, of [23] . Therefore we turn our attention to the second term:
We need the following lemma. LEMMA 1. Dropping the subscript t for simplicity, we have:
where J i 0 , J i are the induced metrics on the subbundle S i defined by H 0 and H, and h i is the endomorphism of S i defined by
Proof. First we note that h −1ḣ can be defined using the derivative of the metric H:
Thus for any two sections ψ, φ of S i , we define (h i ) −1ḣi by:
However by definition of the induced metric we have
Of course the lemma is only true where S i is locally free, thus we restrict ourself to X\Z alg . On this set we have Tr(
Thus the integral is path independent.
The goal of the next few subsections is to prove the following theorem:
H) is bounded below for all other Hermitian metrics H.
This theorem is major step in the proof of Theorem 1. As a first step towards its proof we must regularize the Harder-Narasimhan filtration.
Regularization of the Harder-Narasimhan filtration.
In [14] , the author employs a procedure to regularize a torsion free subsheaf of E. In this section we describe that result, and explain how it can be easily expanded to regularize any filtration of subsheaves of E. We note that the following procedure is consistent with a viewpoint found in Uhlenbeck and Yau [25] . In their paper they view a torsion free sheaf locally as a rational map from X to the Grassmanian Gr(s, r). By Hironaka's Theorem we know this map can be regularized after a finite number of blowups. We follow our procedure because it lets us keep track of how that map changes in local coordinates at each step, which is important in the analysis that follows.
First we recall the result from [14] . Consider the short exact sequence of sheaves (2.4) . Here E is locally free and Q torsion free. Suppose S has rank s, E has rank r, and Q has rank q. After choosing coordinates, off Z(Q) we view f as an r × s matrix of holomorphic functions with full rank. These matrices transform by given transition functions on the coordinate overlaps. As one approaches Z the rank of f may drop, and it is exactly this behavior that needs to regularized.
Let Z k be the subset of Z(Q) where rk(f ) ≤ k. For the smallest k such that Z k is non-empty, at a point we can choose coordinates so that f can be expressed as
where g vanishes identically on Z k . Blow up along Z k by the map π :X → X. On a given coordinate patch ofX let w define the exceptional divisor. Then the pullback of f can be decomposed as follows:
where a is the largest power of w we can pull out of π * g. Denote the matrix on the left of (3.12) asf and the matrix on right as t. In [14] it is shown that the mapf defines a new torsion free subsheafS of π * E by explicitly writing down transition functions. Furthermore it is shown that this procedure (applied to each Z k ) stops after a finite number of blowups to produce a map where the rank does not drop anywhere on X, and thus defines a holomorphic subbundle of π * E.
We now turn our attention to the Harder-Narasimhan filtration of E (2.2). Recall that f i : S i → E denotes the holomorphic inclusion of S i into E, and let l i : S i → S i+1 be the holomorphic inclusion of each subsheaf S i into the corresponding sheaf of next lowest rank S i+1 . Then we have that
To regularize this filtration, we begin by regularizing each subsheaf, starting with S 1 and then working with subsheaves of successively higher rank. We describe the process as follows.
Given S i from the filtration, for each i we have a sequence of blowups π i :
where t is some diagonal matrix of monomials of sections defining the exceptional divisor.
Because after a finite number of steps the rank off i does not drop, we have now that the rank ofl i does not drop, thus
defines a holomorphic inclusion of vector bundles, and the regularized quotient Q i+1 is a holomorphic vector bundle. Following this construction for all i we have a finite sequence of blowups that regularizes each sheaf in the Harder-Narasimhan filtration of E, such that the quotientsQ i are all locally free. Of course, we never used semi-stability of the quotients, so our procedure applies to any filtration of sheaves on X. Summing up we have proved the following proposition:
be a filtration of E by subsheaves. Away from the singular sets the inclusion maps l i 0 : S i → S i+1 can be defined locally by matrices of holomorphic functions with transition functions on the overlaps. There exists a finite number of blowups
and matrices of holomorphic functions l i k overX k with the following properties: (i) On eachX k around a given point there exists coordinates so that if w defines the exceptional divisor, there exists a diagonal matrix of monomials in w (denoted t) so that
(ii) The rank of l i N is constant for each i, thus it defines a holomorphic subbundle ofS i+1 with a holomorphic quotient bundle.
Transformation of key terms.
We now turn our attention back to Theorem 4. We prove this theorem by changing the form of the P -functional and writing it as a sum of objects which we know are bounded from below. First we recall the definition of the Donaldson functional on a vector bundle E:
where once again h t is any path of positive definite Hermitian matrices with h 0 = I and h 1 = H −1 0 H, and F t is the curvature of the metric H t := H 0 h t along the path. Here we introduced ω as input into the functional to show its dependence on a volume form. Now, in the analysis to follow it will be show that the Donaldson functional is well defined on holomorphic subsheaves and holomorphic quotient sheaves of E. As a result let M i (H 0 ,H,ω) denote the Donaldson functional on the quotient sheaf Q i with induced metrics from E (this quantity is defined explicitly in Definition 4). We will prove that:
Here γ i is the second fundamental form of the short exact sequence:
associated to the metric H, and γ i 0 is the second fundamental form associated to H 0 . Thus to prove Theorem 4 we have to complete two steps. First we show that all the terms in (3.13) are well defined for induced metrics on the sheaves Q i , and second we need to show that the functional does indeed satisfy the decomposition (3.13) . In this subsection we will focus on showing all the terms are well defined.
As in the previous subsection much of the analysis we need has been carried out in [14] . We refer the reader to that reference for the details of the proofs, and here present the results, modified to our specific case. From Section 3.1 we recall that there exists a regularized Harder-Narasimhan filtration
such that the rank of the holomorphic inclusion mapsf i does not drop onX (here π :X → X is the sequence of blowups needed to construct the regularization). So given π * H on π * E, the smooth induced metric onS i is defined by:
Also, because the rank ofl i :S i →S i+1 does not drop, we have an exact sequence of holomorphic vector bundles:
The metricJ i+1 gives a splitting of the short exact sequence: 15) and it follows that the metricKβ α onQ i+1 defined by:
Our main concern is that the integrals that make up each term in (3.13) might not be finite, which is a reasonable concern because along Z alg , curvature terms will blow up. We show these terms are controlled by using formulas describing the change during each step in the regularization procedure, and prove that in fact the desired terms do not change during regularization. Once we are working with the regularized filtration the induced metrics are smooth, and since the manifold is compact each term will be finite.
We recall the following proposition from [14] :
Consider a single blowup from the regularization procedure π :X → X. Let J and K be induced metrics on S i and Q i , respectively. Then if w locally defines the exceptional divisor D, there exist non-negative integers a α so that:
Using this proposition one can compute how the induced curvature changes during each blowup, and we include the computation for the reader's convenience. Let F be the curvature of the quotient sheaf Q i . We work in a local trivialization and apply the previous proposition:
Now since w a γ is anti-holomorphic, it follows that
Note that the first term on the left vanishes away from D. This computation has two important corollaries, which we now state. For simplicity we restrict ourselves to working with K on the quotient Q i , noting that a similar formula holds for induced metrics on S i . The first corollary follows from the Poincaré-Lelong formula. COROLLARY 1. Consider a single blowup from the regularization procedure π :X → X, and let D be the exceptional divisor. Then the following decomposition holds in the sense of currents
The following corollary is also proven in detail in [14] .
COROLLARY 2. The L 2 norm of the second fundamental form is well defined for any torsion free subsheaf S i of S i+1 with torsion free quotient Q i . Furthermore, for a given blowup from the regularization procedure π :X → X, we have the following equality
where γ i is the second fundamental form associated to S i , andγ i toS i .
The proof of the preceding corollary uses Corollary 1 to show that the L 2 norm of γ does not change during each step of the regularization. Because at the final step all the induced metrics are smooth, the integral is of a smooth function over a compact manifold, and thus is well defined.
Next we show that the Donaldson functional M i (H 0 ,H,ω) is well defined on any quotient sheaf Q i arising from the filtration. Given a blowup map π :X → X, one can also define the Donaldson functional on a vector bundle overX by integrating with respect to the degenerate metric π * ω. Since π * ω is closed the functional will still be independent of path. We define the Donaldson functional on the sheaves Q i as follows:
Definition 4. For any quotient sheaf Q i arising from the Harder-Narasimhan filtration of E, we define the Donaldson functional on Q i to be:
for any regularizationQ i .
Here MQ(K 0 ,K, π * ω) is the Donaldson functional for the vector bundlesQ defined using the degenerate metric π * ω. We note that the domains of the functionals M i are metrics on the vector bundle E, thus this definition only applies to induced metrics and does not extend to arbitrary metrics on Q i . The following proposition proves that this definition is well defined. PROPOSITION 6. For each i the functional M i is well defined for any pair of metrics on E, and is independent of the choice of regularization.
The proof of Proposition 6 again rests on our computation of π * F . One can check that after each blow-up in the regularization procedure the value of the Donaldson functional remains the same. We direct the reader to [14] for details. Immediately we see the P -functional is well defined on the subsheaves S i as well, and that its value is independent of regularization. Now all three terms on the righthand side of (3.13) are well defined for induced metrics on the quotient sheaves Q i . The next step is to show that the decomposition formula does indeed hold.
Decomposition of the P -functional.
In this section we prove decomposition formula (3.13), using an argument similar to Donaldson [7] . We begin by considering the proper subsheaf of highest rank in the filtration, S p−1 . In the proof of Proposition 3, we found the following formula for P :
where h i is the endomorphism defined by induced metrics J i and J i 0 on S i . Dropping the subscript t, we note that by Proposition 6 we have:
where π :X → X, is a sequence of blowups which regularizes the Harder-Narasimhan filtration. Now, the regularizedS p−1 andQ p are holomorphic subbundles and quotient bundles of π * E, and with the metric π * H we can identify the following splitting:
Following Section 2.2 we have the decomposition of curvature:
Using the description of h −1ḣ from the proof of Lemma 1 we can see how h −1ḣ decomposes:
Here (h −1ḣ ) p−1 and (h −1ḣ ) p are the induced endomorphisms onS p−1 andQ p . Thus we now have:
We note that the term:
to give M p (H 0 ,H,ω). Also the term:
to give P |S p−1 (H 0 ,H) . Thus the remaining term to identify is
Now, since γk = ∂kp † , we haveγk = ∂ t (γk − (γk) 0 ) = ∂ t (∂k(p † − p † 0 )) = ∇kV . Thus we can integrate by parts to get:
Consider the following formula, which can be found in [7] :
The final term now becomes:
This completes the first step of the decomposition. We can continue the process on P |S p−1 (H 0 ,H) to prove the desired decomposition formula (3.13) . We are now ready to prove Theorem 4.
Proof. By (3.13), we know the P -functional is the sum over all i of three terms. The two second fundamental form terms are bounded below since γ i 2 L 2 is positive and − γ i 0 2 L 2 is fixed and only depends on our initial metric H 0 . To see that M i (H 0 ,H,ω) is bounded below, notice that this functional is equivalent to the Donaldson functional defined on some regularizationQ i . This regularization is a holomorphic vector bundle overX, and is semi-stable with respect to the pulled back form π * ω. Here we have expanded the definition of stability to include degenerate metrics (see Definitions 4 and 5 from [14] for details). This last term, the Donaldson functional defined onQ i , is explicitly shown to be bounded from below in the proof of Theorem 3 from [14] .
4. An L 2 approximate Hermitian structure. We are now ready to construct an L 2 approximate Hermitian structure on E along the Yang-Mills flow, proving Theorem 1. Recall that we defined the P -functional as the integral along a path, and proved this integral is path independent. Thus if H t is a family of metrics on E, the derivative in t of the P functional is readily seen as:
We use the lower bound on the P -functional to show that E admits an L 2 approximate Hermitian structure along the Donaldson heat flow. We then show the existence of such a structure along the Donaldson heat flow shows one exists along the Yang-Mills flow. First we need the following proposition, which gives one inequality in the proof of the Atiyah-Bott formula. PROPOSITION 7. For any connection A ∈ A 1,1 , we have:
The proof of this result is similar to the proof of Corollary 2.22 in [4] . We include the details here for the reader's convenience. As a first step, we compute the square of Ψ:
To see this, note for any k > 0, we have π i−k π i = π i π i−k = π i−k since the subbundles are ordered by inclusion. Thus (π i −π i−1 ) 2 = π i 2 −π i−1 π i −π i π i−1 +π i−1 2 = π i − π i−1 . Also, all the cross terms in Ψ 2 H vanish, since
This proves (4.16). Now, let r be the rank of E. Recall the Harder-Narasimhan type of E:
where the multiplicity of each μ(Q i ) is given by rk(Q i ). Because X has volume one, we see by (4.16) that Ψ 2 L 2 = r i=1 μ 2 i , which is independent of the metric used to define the projections π i . Following Atiyah and Bott, given any two r-tuples μ, λ satisfying
Next we consider the convergence results of Hong-Tian. They show that on X\Z an and along a subsequence, A j → A ∞ in C ∞ modulo unitary gauge transformations. Since |F t | C 0 is uniformly bounded along the flow (see Corollary 17 in [7] ), the L 2 norm ofF ∞ is defined on all of X, and we see that F j −F ∞ 2 L 2 (X) goes to zero as j tends to infinity. Furthermore, since A ∞ is Yang-Mills, we have that the eigenvalues ofF ∞ are locally constant, given by λ 1 ≥ ··· ≥ λ r (counted with multiplicities). Consider the following lemma: Proof. Recall that along the Yang-Mills flow, the holomorphic structure of E evolves by the action of w j , where w j = h 1 2 j and h j = H −1 0 H j . Let π j be the orthogonal projection onto the subsheaf w j (S). We then have:
We need the following claim from linear algebra, which can be found in [4] : CLAIM 1. Let V be a finite dimensional Hermitian vector space of complex dimension r. Let L ∈ End(V ) be a Hermitian operator with eigenvalues λ 1 ≥ ··· ≥ λ r (counted with multiplicities). Let π denote orthogonal projection onto a subspace of dimension s. Then Tr(Lπ) ≤ i≤s λ i .
Using this claim, we se that
and the result follows by sending j to infinity. Now, let A j be a sequence of connections along the Yang-Mills flow with Hong-Tian limit A ∞ . Let μ be the Harder-Narasimhan type of E, and λ the eigenvalues of ΛF ∞ . Then we have that μ ≤ λ. To see this, recall S i are the subsheaves defining the Harder-Narasimhan filtration, and let them have corresponding rank s i . By the previous lemma we have deg(S i ) ≤ j≤s i λ j for all i. We also have that deg(S i ) = j≤s i μ j . Thus for each s i we have
Now, μ ≤ λ follows from Lemma 2.3 in [4] . We are now ready to prove Proposition 7.
Proof. For any initial connection A 0 on E, let A t be the solution of the Yang-Mills flow. Since the Hermitian-Yang-Mills energy is decreasing along the flow, we know that for all t:
By the convergence results of Hong-Tian there exists a subsequence so thatF j → F ∞ in L 2 , andF ∞ has constant eigenvalues λ. We then have:
i .
Yet as we have just seen, μ ≤ λ. Thus from Proposition 12.6 in [1] we have
The proof of the proposition is complete by noting r i=1
We now turn to the main proposition in this section. Before we begin, we first introduce two differential operators used in the proof. Recall that ∇ denotes the Chern connection on all associated bundles of E. We define the following Laplacians, which we write down in local coordinates Δ = g jk ∇ j ∇k andΔ = g jk ∇k∇ j .
We remark these operators are defined using the "analyst convention." Now, from equation (2.1.1) from [23] , one sees that along the Donaldson heat flow, the evolution of the curvature endomorphism is given by
In this special case, we can replaceΔ with Δ, as the difference is given by a commutator [F ,F ], which vanishes. Thus ∂ t (F ) = Δ(F ) =Δ(F ), and this important fact will be utilized in the following proposition. PROPOSITION 8. Along the Donaldson heat flow we have the following convergence:
as t approaches infinity.
Proof. We first show that we have L 2 convergence ofF t − Ψ t along a subsequence. Note that this L 2 norm is computed with respect to the evolving metric H. As a first step, we show that for all times along the Donaldson heat flow, we have the inequality:
Expanding out the left-hand side gives:
while the right-hand side is given by
Thus the inequality (4.17) reduces to
Yet Ψ t is constructed so that Tr(Ψ t ) = deg(E), so the second term on the right vanishes. Thus inequality (4.17) follows from Proposition 7. Note that the term on the right-hand side of inequality (4.17) is minus the time derivative of the P functional along the Donaldson heat flow. We now have that:
which is bounded since the P functional is bounded from below. Thus there exists a sequence of times t i along the Donaldson heat flow such that
proving there exists an L 2 approximate Hermitian structure on E. Note that
hence we can find a sequence t m such that t m ∈ [m, m + 1) and Y (t m ) → 0.
Next we show such a structure exists for any subsequence of times. Note that Ψ can be rewritten as:
where the c i are all positive constants since the Harder-Narasimhan filtration is slope decreasing. First we see that the time derivative of the projection π i along the path H t is given by
as long as H −1 t ∂ t H t is self adjoint with respect to H. To see this, first note that the image of ∂ t π i lies in S since it is given by the difference of two projections. Consider two sections φ, ψ ∈ Γ(X, E) such that φ lies in the image of f i . Then one has
Taking the time derivative of the above expression we see
where the second term on the right comes from the time derivative falling on the metric H. From here (4.18) follows. We compute how Y (t) evolves with time:
after integration by parts on the first term. Note that π i μ(E)I(I − π i ) = 0. Now, the part ofF that sends S i ⊥ to S i is −g jk∇ j ∇kπ i , where∇ j is the covariant derivative for Hom(S i ⊥ ,S i ). The difference between∇ j and ∇ j is two second fundamental form terms
Thus it follows that
and the right-hand side is bounded by
where we used the L ∞ bound forF (again by Corollary 17 from [7] ). We then have:
Thus returning to our initial computation of ∂ t Y (t) and applying Hölder's inequality we have:
(4.19)
We show both terms on the right-hand side go to zero as t approaches infinity. Set f (t) = ∇F 2 L 2 . Then Proposition 9 from [12] shows precisely that f (t) → 0 as t goes to infinity.
We now concentrate on ∇Ψ 2 L 2 . As a first step we show that for any π i from Ψ we have that ∇π i 2 L 2 goes to zero along a subsequence, and to do so we need a modification of the Chern-Weil formula. Once again recall that ω is normalized so
However, if k ≥ i, then because the Harder-Narasimhan filtration is ordered by inclusion we know π k • π i = π i , so
We note that deg(Q k ) = deg(S k ) − deg(S k−1 ), so the sum k≤i deg(Q k ) is a telescoping sum. Thus the only contribution is the term coming from k = i, so by the Chern-Weil formula:
Therefore, for each projection π i j in our sequence along the Yang-Mills flow, we have the following formula:
And because the eigenvalues of π i are either 0 or 1, it follows that
This gives:
where the last inequality follows since the volume of X is one. Squaring both sides gives ∇π i 4 L 2 ≤ Y (t), and thus ∇π i (t m ) 4 L 2 goes to zero as m goes to infinity. Therefore the square root ∇π i (t m ) 2 L 2 goes to zero as m goes to infinity as well. We now show ∇π i 2 L 2 goes to zero for all time t approaching infinity. To do so we prove a simple differential inequality. We apply the Chern-Weil formula to the projection evolving along the flow, and take the derivative in time:
Note the second integral on the right is non-positive. Now we integrate by parts twice:
This estimate, along with the fact proven in the last paragraph that ∇π i 2 L 2 approaches zero along a subsequence t m ∈ [m, m + 1), implies that ∇π i 2 L 2 goes to zero for all time t approaching infinity (for details see [17] ).
We now return to (4.19) . Set g(t) = ∇Ψ 2 L 2 . We have seen that both f (t) and g(t) go to zero for all t approaching infinity. Pick a t ∈ [m + 1,m + 2). Integrating both sides of (4.19) from t m to t we get which implies
Sending m to infinity we see Y (t) goes to zero. Thus there exists an L 2 approximate Hermitian structure along the Donaldson heat flow.
At this point we can now prove Theorem 2 as stated in the introduction, generalizing a result of Atiyah and Bott. First we review some notation. Consider a flag F of subbundles:
We now prove that for all F slope decreasing:
Proof. We begin by showing sup F Φ(F) 2 = Ψ H 2 L 2 . Since we already know the supremum is attained if F is the Harder-Narasimhan filtration of E, all we need is Ψ H 2 L 2 = p i=0 μ(Q i ) 2 rk(Q i ), which follows directly from (4.16). We drop the H from Ψ H since this norm is independent of metric. To conclude we show inf A F A 2 L 2 = Ψ 2 L 2 . One inequality follows from Proposition 7, which states F H 2 L 2 ≥ Ψ 2 L 2 for all metrics H. The infimum is now obtained by taking a sequence of metrics H t where t → ∞ along the Donaldson heat flow.
We now demonstrate how Proposition 8 gives an L 2 approximate Hermitian structure along the Yang-Mills flow. First we state a fact about adjoints. In local coordinates, the adjoint of an endomorphism T with respect to the metric H is given by
Notice now that if we wanted to compute the adjoint with respect to the metric H 0 , denoted by * 0 , we have
Thus in matrix notation we have T * 0 = hT * h −1 . We now see that F 2 L 2 (H) = F A 2 L 2 (H 0 ) , since by (2.11) we have
Next we need to relate our projections evolving along the Donaldson heat flow to projections evolving along the Yang-Mills flow. In the case of the Donaldson heat flow, the orthogonal projection π t onto a fixed subsheaf S ⊂ E evolves due to the fact that the metric H is changing. Along the Yang-Mills flow, our metric H 0 is fixed, however the subsheaf S is acted on by the complexified gauge transformation w. Thus the projection π w onto w(S) evolves as well.
LEMMA 3. The two evolving projections are related as follows
Proof. It is immediately clear that (wπ t w −1 ) 2 = wπ t w −1 , so wπ t w −1 is a projection onto the subsheaf w(S). We complete the lemma by showing it is selfadjoint with respect to H 0 .
From this lemma we see that wΨ t w −1 = Ψ w , where Ψ t is evolving along the Donaldson heat flow and Ψ w is evolving along the Yang-Mills flow. It follows that
Thus we see that the Yang-Mills flow realizes an L 2 approximate Hermitian structure as well, proving Theorem 1. From this point on we abuse notation and also refer to the endomorphism evolving along the Yang-Mills flow as Ψ t , and which endomorphism we are using will be clear from context.
Construction of an isomorphism.
In this section we use Theorem 1 to better understand our limiting connection A ∞ , and following our previous work [14, 13] we are able to prove Theorem 3. We recall our basic setup. Let A t be a family of connections evolving along the Yang-Mills flow. By a result of Hong and Tian [12] , there exists a subsequence of connections A j which converge in C ∞ (on X\Z an and modulo unitary gauge transformations), to a Yang-Mills connection A ∞ . Thus, always working on X\Z an , we have a sequence of holomorphic structures (E,∂ j ) which converge in C ∞ to a holomorphic structure (E,∂ ∞ ). We denote this limiting holomorphic bundle by E ∞ .
We can now identity the Harder-Narasimhan type of the limiting connection A ∞ . Since A ∞ is Yang-Mills, we have thatF ∞ solves the following equation:
In particularF ∞ has locally constant eigenvalues. BecauseF ∞ is Hermitian, about any point in X\Z an , we can choose coordinates so thatF ∞ has the following form:
Here I i are identity matrices whose rank is determined by the multiplicity of each eigenvalue λ i . Assume that the eigenvalues are decreasing λ 1 > λ 2 > ··· > λ q . Now because E realizes an L 2 approximate Hermitian structure along the Yang-Mills flow, we can precisely identify the eigenvalues ofF ∞ , so λ i = μ(Q i ), and rk(I i ) = rk(Q i ).
Furthermore, becauseF ∞ is of this special form, we know it will decompose E ∞ into a direct sum of stable bundles: (5.22) each admitting an induced smooth Hermitian-Einstein connection. Let Z = Z an ∪ Z alg . Working on X\Z, we prove the direct sum (5.22 ) is isomorphic to the graded double filtration Gr hns (E), which is the subject of the following proposition: PROPOSITION 9. Working with (5.22) above, on X\Z eachQ i ∞ is isomorphic to a specific stable quotient from Gr hns (E).
We prove this proposition at the end of this section. First we need some convergence results. Consider the L 2 1 projections which define the Harder-Narasimhan filtration of E:
Recall that along any one parameter family of connections we have a sequence of endomorphisms w j which define the action given by (2.10) . The action of w j also produces a sequence of filtrations {π i j }, where each π i j is defined by orthogonal projection onto the subsheaf w j (π i ). Our first goal is to show that this sequence of filtrations converges along a subsequence, with two assumptions on our sequence of connections. After the proposition we show these assumptions hold in our case. PROPOSITION 10 . Let π be the L 2 1 projection associated to a subsheaf F ⊂ E, and let Z(F) be the singular set of F. Let {A j } be a sequence of connections, along with corresponding complexified gauge transformations {w j }. The action of w j produces a sequence of projections {π j } defined by orthogonal projection onto the subsheaf w j (π). Assume that:
(ii) ∂ j π j 2 L 2 → 0. Then there exists a subsequence of projections (still denoted π j ) which converges in L 2 1 to a limiting subsheaf π ∞ . Furthermore, under the same assumptions the limiting projection π ∞ is smooth away from Z an ∪ Z(F).
We note that assumption (ii) gives that π ∞ splits E ∞ holomorphically. A similar proposition is proved in [14] , however we include all the details here for the reader's convenience.
Proof. By assumption (ii) we have ∂ j π j 2 L 2 goes to zero as j → ∞. Because π j = π * j it follows that |∂ j π j | 2 = |∂ j π j | 2 , thus we have ∂ j π j is uniformly bounded in L 2 and π j converges along a subsequence to a weak limit π ∞ in L 2 1 . We must show that π ∞ is a weakly holomorphic subbundle as defined in [21] or [25] , and thus represents a coherent subsheaf. This means we have to show (I − π ∞ )∂ ∞ π ∞ = 0 in L 2 . Working on a compact set K specified in assumption (i), we have:
We have that A j → A ∞ in L ∞ (K) by assumption (i). Because ∂ j π j L 2 → 0 it follows that ∂ ∞ π j L 2 (K) → 0. Finally, from the simple formula:
we see that
. The left-hand side is independent of j, so we would like to send j to infinity proving ∂ ∞ π ∞ L 2 (K) = 0. We have to be careful about the second term on the right since π j only converges to π ∞ weakly in L 2 1 (K). However, we can achieve strong L 2 1 (K) convergence along a subsequence, as will now be demonstrated. Equation (2.6) describes how a connection decomposes onto subbundles π j with quotient Q j . From this formula we see that the second fundamental form is just one component of the connection A j , so we have:
where∇ j is the induced connection on Hom(Q j ,S j ). The bound on the right follows from assumption (i). Thus π j is bounded in L 2 2 (K), and along a subsequence we have strong convergence in L 2 1 (K). It follows that ∂ ∞ π ∞ L 2 (K) = 0. This holds independent of which compact set K we choose, so
since Z an ∪ Z(F) has complex codimension at least two. Thus π ∞ defines a weakly holomorphic L 2 1 subbundle of (E ∞ ,∂ ∞ ). Furthermore, because the eigenvalues of the projections π j are either zero or one, we know that rk(π ∞ ) = rk(π j ). It also follows that μ(π) = μ(π ∞ ), since degree does not depend on a choice of metric.
We now prove π ∞ is smooth away from Z an ∪ Z(F). Fix an arbitrary compact subset K ⊂ (Z an ∪ Z(F)). By (2.6) we see that the second fundamental form γ j is one component of the decomposition of the connection A j . On K we have smooth convergence of A j to A ∞ by assumption (i), so as a result we know the associated second fundamental forms γ j must converge smoothly to γ ∞ as well. Thus along our subsequence, for any k ∈ Z, we have:
This smooth convergence of second fundamental forms, in addition to the fact that γ j =∂ j π j , proves smooth convergence of the projections π j .
We now show that the assumptions of Proposition 10 hold for the projections that make up the Harder-Narasimhan filtration (2.2) along the Yang-Mills flow. The convergence results of Hong and Tian [12] (also, see [24] ) imply there exists a subsequence along the Yang-Mills flow that satisfies assumption (i). For assumption (ii), recall inequality (4.20):
E admits an L 2 approximate Hermitian structure along the Yang-Mills flow, thus assumption (ii) holds for all subsheaves in (2.2). We therefore get convergence to a limiting filtration away from Z:
In the following lemma we prove two important facts about the quotients Q i
Furthermore, E ∞ splits as a direct sum:
Proof. We begin with the subsheaf of highest rank π p−1 ∞ . Because the second fundamental form ∂ π p−1 ∞ 2
Thus, because rk(I p ) = rk(I − π p−1 ∞ ), we knowF Q p ∞ = λ p I p (where the eigenvalue λ p is defined in (5.21)). So Q p ∞ admits a Hermitian-Einstein connection. By the removable singularity theorem of Bando-Siu from [3] , Q p ∞ extends to a reflexive sheaf on all of X. Because it admits a Hermitian-Einstein connection where it is locally free it is semi-stable. Now, ∂ π p−1 ∞ 2 L 2 = 0 implies that E ∞ splits as a direct sum E ∞ = π p−1 ∞ ⊕ Q p ∞ . This splitting, along with the fact that ∂ π p−2 ∞ 2 L 2 = 0, implies the second fundamental form with respect to the inclusion π p−2 ∞ ⊂ π p−1 ∞ is zero, from which it follows that:F
We continue in this way down the entire filtration. Each Q i ∞ admits a Hermitian-Einstein connection, and thus it is semi-stable. The decomposition (5.24) follows as well.
Because each Q i ∞ is semi-stable admitting a Hermitian-Einstein connection, we know Q i ∞ will decompose into a direct sum of stable bundles. These stable bundles make up the direct sum (5.22) , and it is on this level that we must construct the isomorphism with Gr hns (E).
LEMMA 5. Given a sequence of connections A j along the Yang-Mills flow, the induced connections on Q i realize an L 1 approximate Hermitian-Einstein structure.
Proof. For a subbundle π i in the Harder-Narasimhan filtration, the induced curvature satisfies the following inequality:
Now, because the second fundamental form for the inclusion π i−1 ⊂ π i is given bȳ ∂π i−1 −∂π i , the induced curvature on Q i = S i /S i−1 satisfies the following:
Putting the last two inequalities together we see:
Thus, along a subsequence A j we have the following:
Now we apply (4.20) to get the desired estimate:
This completes the lemma.
We now turn to convergence of the Seshadri filtrations. Since each quotient Q i in the Harder-Narasimhan filtration is semi-stable, it admits a Seshadri filtration 0 ⊂S 1 i ⊂S 2 i ⊂ ··· ⊂S q i = Q i , (5.25) where μ(S k i ) = μ(Q i ) for all k, and each quotientQ k i =S k i /S k−1 i is torsion free and stable. Here, just as in Section 2.1, the subscript i onS k i denotes that we are working with the Seshadri filtration from the i-th quotient from the Harder-Narasimhan filtration. Let
be the filtration of L 2 1 projections corresponding to (5.25) . We show for all k that the sequence of projections (π k i ) j converges to a limiting projection (π k i ) ∞ in L 2 1 along a subsequence. To do so we need to check that this sequence satisfies the assumptions (i) and (ii) from Proposition 10. To begin, fix a compact subset K ⊂ (X\Z). On K we note that the projections π i defining the Harder-Narasimhan filtration are smooth, and using equation (2.6) we can see how a sequence of connections A j along the Yang-Mills flow decomposes onto this filtration. Because this decomposition is orthogonal with respect to H 0 , we have that the second fundamental form terms and the induced connections on each quotient converge smoothly as well.
This shows assumption (i) holds for the sequence of induced connections A Q i j on each quotient. To see assumption (ii), we use the following modification of the Chern-Weil formula:
which goes to zero by Lemma 5. This verifies assumption (ii). Thus we can apply Proposition 10 to (π k i ) j , and get that the Seshadri filtration converges to a limiting filtration:
Since the norms of the second fundamental forms go to zero, this filtration decomposes Q i ∞ into a direct sum of quotients (Q k i ) ∞ . In fact, at this point in the argument we can apply the author's previous work to construct an isomorphism between kQ k i and k (Q k i ) ∞ , which follows exactly from Theorem 1 from [13] . Thus, on X\Z we have an isomorphism between Q i ∞ and Gr s (Q i ). In fact, as described explicitly in the proof of Theorem 1 from [13] , the construction of an isomorphism Q i ∞ and Gr s (Q i ) starts by considering the subsheaf of lowest rank from Gr s (Q i ), and working with subsheaves of higher and higher rank until an isomorphism has been constructed for the entire filtration. Since this process is independent of i, applying this argument inductively to each quotient sheaf Q i , we construct an isomorphism between Gr hns (E) and i k (Q k i ) ∞ . Since the direct sum of quotients from any Seshadri filtration is unique, we know i k (Q k i ) ∞ is isomorphic to pQ p ∞ (from (5.22)), proving Proposition 9. We have now constructed, on X\Z, the following isomorphism:
In order to prove Theorem 3, we need to show this isomorphism can be extended to an isomorphism between Gr hns (E) * * and the Bando-Siu extensionÊ ∞ on all of X. As a first step we show that E ∞ can be extended over Z as the reflexive sheaf Gr hns (E) * * . To do so, notice that: Γ(X\Z, Gr hns (E)) ∼ = Γ(X\Z, Gr hns (E) * * ), (5.28) since Gr hns (E) is locally free on X\Z. Since all holomorphic functions can be extended over Z by a result of Shiffman from [19] , and because Gr hns (E) * * is
